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ABSTRACT

Non-linear distortion of OFDM signals can signifcantly increase
the receiver BER. Currently, distortion analyses rely on simula-
tion, not yielding insight into the problem, or apply to specifc
non-linearities only. In this paper, general analytic results are pre-
sented on the errors resulting from distortion. The results are ap-
plicable to smooth non-linear distortion of an OFDM signal, which
is the most common distortion. Simple analytical expressions are
derived which allows a designer to determine the BER before per-
forming simulations. Further, it is shown that the error on each
OFDM subcarrier is approximately equally large.

1. INTRODUCTION

OFDM (Orthogonal Frequency Division Multiplexing) is a mod-
ulation scheme that is capable of overcoming intersymbol inter-
ference (ISI) on frequency selective channels in a very effcient
way. A digital information stream is divided into multiple infor-
mation streams. This lowers the bitrate on each of these streams.
The datastreams are modulated and mapped on orthogonal car-
riers (called “subcarriers”). Thus, many low-bitrate signals are
transmitted, instead of one high bitrate signal. The low bitrate
signals hardly suffer from ISI, and because of the orthogonality
of the subcarriers, it is possible to demodulate the received signal
without crosstalk between the information on the subcarriers. The
performance of OFDM can approach the theoretical maximum for
a given radio channel, [1].

A disadvantage of OFDM is its sensitivity to non-linear dis-
tortion, which causes crosstalk between subcarriers. In a matched-
£lter receiver, the crosstalk can dramatically increase the BER. As
any real communication system will contain non-linearities, it is
important to determine the resulting signal deterioration. Espe-
cially the antenna output amplifer of a transmitter can cause sig-
ni£cant non-linear distortion. )

So far, the distortion problem for matched £lter receivers has
been treated in two ways: either by simulation, [2, 3], or by mathe-
matical analysis, [4]. The simulation results do not yield much in-
sight into the problem. The reported analytical results in literature
apply to specifc clipping non-linearities only and cannot be used
for design purposes. The effect of smooth non-linear distortion on
matched £lter reception of an OFDM signal is more relevant, as it
is the most common type of distortion.

In this paper, analytical results are presented which apply to
distortion of bandpass OFDM signals due to arbitrary memoryless,
smooth non-linear transfers. They enable a designer to estimate the
infuence of non-linearity before performing simulations.

The organization of this paper is as follows. In section 2, the
model for non-linear transfer is discussed and the relations with
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Figure 1: Practical OFDM system implementation

common electronic performance measures such as IP2 and IP3 are
given. In section 3, the SDR (signal-to-distortion ratio) due to non-
linearity is calculated. Subsequently the BER after detection by a
matched £lter receiver is calculated. In section 4, an example for
QPSK-OFDM is treated both by analysis and simulation, to show
the validity of the distortion model. In section 5, conclusions are
presented.

2. SMOOTH NON-LINEARITY MODEL

Non-linear distortion of OFDM signals causes the loss of orthog-
onality of subcarriers, and thereby inter-carrier interference. The
result is an increase of the symbol-error rate when the OFDM sig-
nal is detected by a matched-£lter receiver.

In £gure 1, a practical OFDM system including non-linearity
is shown. In this system, an IFFT and FFT are used for modula-
tion and demodulation. Essentially, it is a discrete-time system. A
continuous-time model is used throughout this paper, as the band-
pass OFDM signal is continuous.

The analysis in this paper is restricted to smooth non-linear
transfers. These are likely to be dominant, and mainly originate in
the OFDM transmitter output amplifer. A suitable approximation
of such an amplifer is a memoryless non-linearity.

The non-linear distortion performance of amplifers is often
expressed in terms of intercept points (IP2, IP3), or intermodula-
tion points (IM2, IM3). The parameters of the model have to be
related to these measures. As intercept points and intermodulation
points yield the same information for a memoryless non-linearity,
only the relation between intercept points and the model parame-
ters is given.

The output signal y(¢t) = f[z(t)] of amemoryless non-linearity
at a certain time instant only depends on the input signal at that
same time instant. As f(z) is smoothly non-linear, it can be accu-
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rately represented by a few (K) terms of a Taylor polynomial:

1 8*f(x)
k! ok

ey

K-1
flz) = Z arz® where ax =
k=0 z=0

According to [5], intercept points and the model parameters
are related by

P2=2% g P3 = /2% )
az as

It is important to note that even-order distortion (k even) is mapped
to bands that are far from the original OFDM signal passband. It is
assumed that these are £ltered out and do not intuence the BER.
Therefore, only odd-order distortion is of importance.

3. SIGNAL DISTORTION ANALYSIS

In this section, the effect of distortion on the BER of an OFDM

signal is determined. First, the spectrum of a distorted OFDM

signal is examined. It is used to determine the detection error for

matched £lter detection. After this, the BER can be determined.
The complex lowpass OFDM signal is described by [6]

N-1 )
si(t) =Y dn(t)e>™T )

n=0

dn are complex-valued digital symbols that are constant during
T seconds, N represents the number of complex subcarriers, and
e??™*/T represent complex-valued orthogonal subcarriers. N is
typically larger than 100. The d,, carry information and are there-
fore random variables. They are assumed to be independent, of
zero mean, and of identical distribution, so the same modulation
on each subcarrier. In practice, s;(t) is often formed by perform-
ing an IFFT on the symbols d,.

The power spectrum of an OFDM bandpass signal is approx-
imately rectangular, and occupies a bandwidth of N/T" Hz. The
amplitude distribution of an OFDM signal is nearly gaussian. This
can be understood by noting that an OFDM signal consists of a
sum of a large number of independent, identically distributed sig-
nals, and applying the Central Limit Theorem. The fact that the
amplitude distribution is gaussian is used for determining the spec-
trum of the distorted OFDM signal.

In the remainder of this paper, only third-order distortion is’

taken into account for BER calculation, because for smooth non-
linearities third-order distortion is often dominant. Even if it is not,
inclusion of third-order distortion only will give a good estimate
of the BER to be expected. If necessary, the procedure that is
followed can also be used for calculating the inktuence of higher-
- order distortion.

3.1. Distortion spectral analysis

In this section, the spectrum of the third power of the OFDM sig-
nal only is calculated, equation (1). The result is used to calculate
the distortion variance after matched £ltering. After matched-£lter
detection, the OFDM signal and the distortion are nearly uncorre-
lated, which can be explained as follows. Due to the distortion,
orthogonality between subcarriers is lost, so each OFDM subcar-
rier symbol will contribute to other subcarrier symbols and itself.

The number of contributions due to other subcarriers will outnum-
ber the contribution of any subcarrier to itself. Thus, the correla-
tion between OFDM signal and distortion is nearly zero and need
therefore not be calculated.

The spectrum is calculated through the autocorrelation func-
tion which is

R:x:3 (T) = Rxa(tz - tl) = E(x:tal l':t;g) 4)

This expression is evaluated using a theorem for stochastic pro-
cesses that are gaussian in distribution, [7].

Theorem 1 Ifn,,... ,nox denote an even number of zero-mean
Gaussian random variables, not necessarily independent, then
k
E(m . .’nzk) = Z H E(ninj) (5)
all pairs i35

As an example, suppose a gaussian signal z(t) is squared, so
y(t) = z%(t). The autocorrelation function of y is given by

R(ty, t2) = E(yt,Yys) = B(zt, e, e, Te,) ()]
From the theorem, for k = 2, it follows

E(ninanang) = E(ning)E(nang) (@)

+ E(ninz)E(nang) 3)

+  E(ning)E(nana) ®

Substituting n1 = z¢, and ny = n3 = ng = 4, it is found that
E(ze, 24, 24,2e,) = E(z? ) E(al,) + 2E%(ze,20,)  (10)
so the desired correlation function is
Ry(1) = o2 + 2R3(7) 1n

where 7 = t; — t5. A similar calculation can be performed for
E(z} 23,), yielding

R.3(7) = 6R3(7) + 902 Ra(7) (12)

which is the desired autocorrelation function.
The autocorrelation function and the power spectral density
are related by

Sas(f) = /_ " Ra(r)e ™ 7dr

= 65:(f) * Sx(f) * Sa(f) + 9025:(f)  (13)

To evaluate the convolution, knowledge of the original OFDM
spectrum is required. It is assumed that the OFDM spectrum is
rectangular, with power o2 and nonzero for fo — B < |f| <
fo + B. This is a good approximation of the real spectrum.

Using an expression for threefold convolution of a rectangular
spectrum, adopted from [8], it is found that the bandpass spectrum
of the distortion that is uncorrelated with the OFDM signal after
detection is

_9%% |1 |f£fl< B
Sra(f)—‘z—ga:!{o |f:f:f0|>B

345 3B* - (f£fo)* |f£fol<B
§§§E‘1§ L(8B—|f£fol)> B<|ftfo|<3B (14)
0 |f+fol > 3B

which is used to calculate the SDR.
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3.2. Inxuence of distortion on correlation reception

In this section, the inuence of the distortion on the BER is in-
vestigated. In many practical receivers, matched £lter detectors
are used. In case of Gaussian noise, a matched £lter detector is
optimal.

However, the distribution of the distortion is not gaussian, and
therefore the distribution of the distortion after matched £ltering
cannot be assumed to be gaussian. The exact calculation of the
distribution is a diffcult problem.

Fortunately, a result by Papoulis, [9] states that a random pro-
cess that is narrowband £ltered has an output amplitude distri-
bution that approaches a gaussian distribution. As the OFDM
matched £lters are narrowband with respect to the signal and the
distortion, it can be concluded that the distortion must be approx-
imately gaussian. Further, it can be shown that the distortion oh
Re(dn) and Im(d,,) of a subcarrier is uncorrelated.

Knowing the distortion at the output of the matched £lter is
gaussian, it suffces to calculate the mean and the variance of the
distortion on each subcarrier to completely characterize the stochas-
tic process. As only the third-order distortion contributes to in-
band distortion components, an amplifer model with only third-
order distortion is used:

y= a1z + asz’ (15)

The relation between input and output spectrum of a £lter is
given by

Sy(f) = S=(HIH(f)I? (16)

where H(f) is the transfer function of the £lter.

When H{( f) is a matched £lter for OFDM, it is a sinc-function
with the peak at the frequency of the desired subcarrier, so for
subcarrier n:

|H(f))> = {sinclm(n — (f — fo)T)]}* an

where sinc(z) = ﬂﬁzﬂ The distortion spectrum is given by
equation (14). To determine the distortion power, the variance of
Sz(f)|H(f)|? has been calculated for each subcarrier. Two cal-
culations have been performed: one including the distortion out-
side the principal OFDM bandwidth N/T", and one excluding this
distortion. There was no signifcant difference between the two
graphs. Therefore it is not useful to £lter out the distortion outside
the principal OFDM band. :

It found that the variance is nearly the same for each subcar-
rier, so the distortion is (nearly) evenly spread over all subcarriers,
see also £gure 2. The bit error rates on all subcarriers are therefore
nearly equal.

The input distortion variance is found by integrating the dis-
tortion power spectrum. Straightforward calculation yields an in-
band distortion power of

10a20? (18)

The signal power is a2a2, so the SDR is given by

a1 2
SDR=<,—) (19)

as 100’&4

where SDR is the signal to uncorrelated distortion ratio. The same |

SDR is found at the output of a matched £lter, because the spectra
of OFDM signal and uncorrelated distortion have the same shape
in the frequency region of interest.

as IP3(dB) | distortion power | distortion power
(calculated) (simulated)
-1 6 10.0 11.8
-0.1 16 0.10 0.119
-0.01 26 1.0-107° 1.21.107°

Table 1: Calculated and simulated distortion power per subcarrier;
ay = 1

4. EXAMPLE

In this section, an example is discussed. A bandpass QPSK-OFDM
signal passes through a non-linear amplifer and is detected by a
matched £lter detector. Subsequently, the distortion variance is
determined by means of simulation and calculation, and a compar-
ison is made. Finally the BER is determined.

If the OFDM signal power is given by o2 and the amplifer
transfer is y = z + asz>, the SDR is given by

_ 1
~ 10a30%

SDR (20)
The SDR at the output of the matched £lter is the same as the SDR
at the input. The energy of a QPSK symbol E is set to I, so the
QPSK power per subcarrier is also 1. Thus, the distortion power

. 2 _ Popsk __ 1
per subcarrier should be 07 = T5% = 355 Thus, we have that

04 = 10a202 @n

For o2 = 1, the calculation has been performed for several values
of a3. The results are summarized in table 1 for easy comparison
to simulation results. IP3 has also been included; as no units have
been used, IP3 is denoted in dB (no reference power).

The simulations have been performed using MATLAB. Essen-
tially, the system depicted in £gure 1 has been implemented. To
circumvent up-and downconversion to an RF frequency, an equiv-
alent low-pass representation of the non-linearity has been used,
which is allowed for in-band distortion.

The OFDM modulator performs an IFFT on a complex input
vector. The input vector elements represent the QPSK symbols.
The output vector of the IFFT is processed by the non-linearity.
The output vector is demodulated by an FFT.

The QPSK symbols in the original and the demodulated vec-
tor are compared. The difference is squared and stored for each
symbol separately. The procedure is repeated several times, and
the results are averaged. Thus, for-each subcarrier, the distortion
variance can be depicted. An example is shown in £gure 2.

The BER vs a3 curve is shown in £gure 3. It can be seen
that there is a sharp drop in the simulated BER for a3 ~ —0.11.
Previously, only the effect of distortion and gaussian noise together
has been studied [2, 4]. When noise and distortion are present,
they both contribute to errors, thereby masking the infuence of
the distortion alone. Therefore the inttuence of distortion alone has
been investigated in this paper. If necessary, the BER calculations
in this paper can be extended by using the signal-to-noise-and-
distortion ratio (SNDR) instead of using the SDR [4]. The SNDR
is given by

RS S U
SNDR ~ SNR ' SDR

where SNR is the signal-to-noise ratio without distortion.

(22)
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Figure 2: The variance per subcarrier from simulation: N = 1024,
az = —0.1, 03 = 1, average for 1000 OFDM symbols.
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Figure 3: The BER of a QPSK-OFDM signal as a function of third-
order distortion

From the graph it can be seen that the simple expression for
the distortion can well be used to estimate the minimum allowable
1P3.

5. CONCLUSIONS

In this paper, the effect of memoryless, smooth non-linear distor-
tion on bandpass OFDM signals has been investigated. In partic-
ular, the OFDM power spectrum and the bit error rate after linear
detection have been analyzed. The method employed is applica-
ble to any memoryless, smooth non-linear distortion, so it is not
restricted to special cases only.

Only the effect on third-order distortion has been taken into
account. Inclusion of third-order distortion is suffcient for a good
£rst approximation. If needed, the analysis can readily be extended
to include higher-order distortion as well.

The results are simple analytical expressions, which can be
evaluated by manual calculation. This is particularly interesting to
designers who would like to predict system behaviour before per-
forming any simulations. Comparison of analytical and simulation
results shows that the simple expressions can be used to estimate
the minimum allowable IP3.

The signal deterioration has been examined for each separate
subcarrier, which revealed that the error on each subcarrier is ap-
proximately equal. This means that as far as distortion is con-
cerned, it does not make sense to distribute data over subcarriers
in a particular way to increase the overall performance.
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